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Abstract. The local study of a Poisson structure near a "generic" isolated 
zero has been the subject of many works. The purpose of this paper is to give 
a "semi-local" study along "generic" closed curves of such zeros: we formally 
classify Poisson structures defined in a neighborhood of T = S 1 x {0} in S 1 x R n , 
that vanish on T, and whose linear approximation at one point m of T is 
isomorphic to the dual of a non-resonant Lie algebra. 



1. Introduction. 

Let II be a Poisson structure on some manifold M, vanishing at a point to £ M. 
Denote T> U H the modular vector field ([W2]) with respect to some density w, and 
suppose that T> U H doesn't vanish at to; this requirement is independent of the 
chosen density, and forces the Poisson structure to vanish all along the orbit T of 
T> u Il through m, thus T is a whole curve of singularities for II. In this paper, we 
are interested in describing generic Poisson structure in the neighborhood of such 
T, when it is supposed to be closed, that is T = S 1 . Also we will consider that II is 
defined on a neighborhood of T = ^xjO} in ^xR™ parametrized by (9, X\, . . . , x n ), 
and that II is zero on T. 

The first invariant attached to this situation is the period c of this orbit T: it 
doesn't depend on the chosen density because II vanishes on it. Recall that this 
is one of the invariants used by O. Radko ([R]) to classify Poisson structures on 
surfaces. 

The second thing we have to do is to take care of the linear part of II at the 
points of r. If we choose local coordinates (xq, x\, . . . , x n ) vanishing at m, and such 
that V^Ii is this linearized Poisson structure satisfies relations: 

w axo ' 

{x ri Xi\ = ^Zj—xdr^Xj, 

for r and i varying from 1 to n. This means that it corresponds to a Lie algebra 
(see [Wl]) which is a semi-direct product of R with a n-dimensional Lie algebra A. 
In the sequel we will denote by D the derivation of A under which R acts on A: in 
the above coordinates, it has the matrix with coefficients dij. We see also that, up 
to a linear isomorphism, this Lie algebra doesn't depend on the point m chosen on 
r as X\jII is an infinitesimal isomorphism. So this isomorphism class of Lie algebra 
is the second invariant we can attach to our situation. 

The generic condition we will impose on II in the sequel, is that there are no res- 
onance relation between the eigenvalues Ai, . . . , A„ of D; by this we mean precisely 
that there are no relations 



A, = PiXi H hp„A„, 

i 
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Xi + Xj = piAi H hp n A„ 

for every i and j, (i ^ j), where (pi, . . . ,p n ) is a multi-index with non-negatives pk 
and X)fc=i-Pfe — 2, except trivial relations Aj + Aj = A, + Aj. In particular, these 
eigenvalues are distinct, and Z? is diagonalizable. It is then easy to verify that, 
in the complex case, the brackets of such linear Poisson structures, so called non 
resonant, and denoted (C" +1 )^ Ai A y can always be written as: 

{e,, ej} = 0, i, j = l...n 
{e , ei] — X l e i , i — l...n, 

(the derivation D is just {eo, — }) so that A has to be commutative. 

Note that two such Lie algebras (C rl+1 )* Ai A ^ and (C n+1 )^ A , A , ^ are isomorphic 
if and only if Xi = dX' { , up to a re-indexation of the A, 's, and for d E C (see the 
proof of lemma 2.1). Also, in terms of classification of Lie algebras, the A^ 's should 
be seen as a set defined up to multiplication by a scalar of all its elements. 

In [D-Z] there is a local study of this situation (in the real and complex cases): 
it appears there that the Poisson structure is, at least formally, "quadratizable", 
i.e. we can find coordinates such that our Poisson structure has only linear and 
quadratic terms. In this paper we will show that this is also true in a neighborhood 
of the whole curve T. Moreover we will describe all the invariants attached to the 
isomorphism class of the germ of JJ along T. However, in order to simplify the study, 
we will restrict ourselves to the case where the eigenvalues Xi are all real. In 
that case the Lie algebra has the above form but in real coordinates; it will be then 
denoted by (R" +1 )( Ai ... A , } . 

In the analytic context, we will need an extra assumption on these eigenvalues : 
we will suppose that they verify Bruno's condition, that is : if I denote the set of all 
mutli-indexes (cj)j=i...„ <G Z™ such that c, < — 1, Mi = l...n and J2i=i ^ 0, 

one puts : 

n n 

(1.1) uj k = min{\^CiXi\;{ci) eI,J2 c ^< 2?C }' 

i=l i=l 

Imposong Bruno's condition is requiring that X^fe=i < 00 > ^ ls a standard 

condition for assuring analytic convergence of formal series. 

It is willingly that we didn't precise if II was supposed to be smooth or analytic, 
next section is valid for the smooth case, and also, under Bruno's condition, in the 
analytic case (of course, flat terms Ooo(x) will have to be omitted in the analytic 
case). 



2. The normal form. 

In this section, we give several lemmas, that will, step by step, lead to a nor- 
mal form for II in a neighborhood of T, with underlying preoccupation to obtain 
coordinates that are global with respect to 9 G S 1 . 
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Lemma 2.1. The brackets induced by II, can, in a neighborhood ofT, be written 



{Xi,Xj} = 02 (x) 



i, j = 1. ..n 
i = 1 . . .n, 



{0,Xi} = y~]hj t jXj +02 (x) 

where hij are smooth functions on S , 02(21) denote smooth functions on S 1 x K™ 
and of order two in the variables X\, . . . ,x n , and the matrix Hg — (/iij(#))i J= i...n 
has eigenvalues {k(9)Xi/i = 1 . . .n} for some k : S 1 1 — ► M. 

Proof. IT vanishes on T = {x; t = ; i = 1 . . . n}, so that we can write the brackets 
as: 

{xi,Xj} = ^2 u ] f(6)x k +o 2 {x), i,j = l...n 

k—l...n 

{6,Xi} = hij(6)xj +o 2 (x), 

j=l...n 



i = 1 . . . n. 



In fact the lemma is just a consequence of the fact that two semi-direct products 
of Lie algebras R iK M™and K l'X R"are isomorphic if and only if L and L' are 
conjugated up to a scalar, but let 's see this in detail. 

Let 9q G S 1 fixed, denote Tlg 1 ^ the linear approximation of II at (#07 0, ... ,0), 
according to the introduction, it is isomorphic to the dual of a Lie algebra with 



Now, let ^e - 



(A!...A„) f 



commutative derived ideal , so all u]f (6) must be zero. 



Hg o a Poisson isomorphism, and 
/ k vi ... v„ \ 



*0o = 



\ w„ 



J 



the associated matrix; (^e )* being a Lie algebra isomorphism, it respects derived 
ideals, and (u>i, . . . ,w n ) must be zero. 

Then we see that det(*e ) = k. det (ipij) i •, in particular k ^ and (^i.j)^ is 
invertible. 

At that point, the conditions for ^g to be Poisson are: 

^ hi,k^k,j = k.tjjijXi, i, j = 1 . . .n, 

fc— 1,.. . ,n 

and we see that these relations can be written as: 

Hg .{i) itj ) = (ipij). 

So the result. 



k.X n ) 



□ 



Lemma 2.2. Up to a covering, and in a well- fitted coordinate chart, the brackets 
induced by II can be written in a neighborhood of T as: 

{xi,xj} = o 2 (x) 
{6,Xi} = k{e)\+o 2 {x) Vi = l...n, 
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where k £ C°°(S 1 ). 

Proof. For any 9 G S , H$ has distinct eigenvalues {k(6)Xi ; i = l...n} so k 
is smooth, and, if we denote E\ t the associated characteristic spaces, they are 
supplementary subvectorbundles of S 1 x M" i — > 5 1 , so that each of them is either 
trivial, or diffeomorphic to the Mcebius band M. 
The covering 

C : S*x K n i — > S 1 x K n 
(0,x) — {20, x), 

induces on the source space a Poisson structure II for which the associated charac- 
teristic bundles are all trivial. As the topology of these subbundles is invariant 
by Poisson isomorphisms, it is clear that two germs of Poisson structures II and II' 
on S 1 x M. n are isomorphic if and only each E\ i is diffeomorphic to one of the E x > 's 

and II is Poisson isomorphic to II'. 

Also, up to a covering, E\ i is trivial for any i. Then the choice of non vanish- 
ing smooth sections for each of them defines a linear change of coordinates that 
diagonalizes the matrix He. □ 

Remark 2.3. Of course, Poisson structures on S 1 x M™ admitting non trivial charac- 
teristic subbundles do exist, the basic exemple on S 1 x R 2 is given by the following 
brackets: 

{xi, X2} — ^r(Acos 2 | + /ism 2 |) + ^-(Asm 2 | + /icos 2 ^) + x\Xi{\i — A)cos|sin| 
{0,xi} = xi(Acos 2 | + fisin 2 ^) + x 2 (p - A)cos|sm| 
{9,X2} = Xi(fi — A)cos|sm| + x 2 (Asin 2 | + ficos 2 ^). 

Here, it is interesting to notice how these brackets simplify when A = /i = 1. 

Lemma 2.4. By re-parametrizing S 1 , one can put the brackets under the following 
form: 

{xi,Xj} = o 2 (x) 

{9,xi} = jjbiXi +o 2 (x), i = l...n, 



Proof. The formula 



defines a diffeomorphism S 1 1 — ► S 1 that gives the announced re-parametrization. 

□ 

Lemma 2.5. There exists a coordinate chart, defined on a neighborhood of T , in 
which the brackets express as: 

{xi,xj} = o 2 (x) 

{9,x l } = fi i x l , i = l...n. 

Proof. Let Xg the hamiltonian vector field associated to the (multi-)function 9: 

d 

i—l...n 
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where Pi are o 2 (x). This vector field turns out to be linearisable, considered as a 
vector field in the variables x with parameter 9: there is a family of local diffeo- 
morphisms (fig, depending smoothly on 9, such that 

4> e *X e = ^ 

i—l...n 1 

for every 9. Moreover we can choose (fig 1-periodic in 9. So the change of coordinates 
(x,9) i— > (<fie(x),6) gives the result. □ 

Remark 2.6. Let us give an idea of how to prove that Xg is linearisable: first notice 
that a diffeomorphism (fig = ((fig, . . . , (fig ) linearises X g if and only if 

C x ^g= iK ^g Vi = l...n,V9eS 1 . 

The first step consists in proving the result formally: write Xg as 

I,=lfl4 r) |o r (x), 

w ith X^\x^ r) and o r (x) denoting respectively the terms of order 1, of order r > 1 
and of order higher than r in the x^s variables, and show the existence of a formal 
diffeomorphism (fig = Id + J2ieN by induction on r, using non-resonnance con- 
ditions. Then, under Bruno's condition, one can show that the series (fig converge, 
getting the result in the analytic context. In the smooth case, one can proceed as in 
[RS] : what preceeds, leads us to the form Xg = X^ +o oa (x) where Ooo(x) denotes 
a vector field flat at G K™ for all 9 G S 1 , it is then possible to eliminate these flat 
terms by direct integration, flatness assuring the convergence of this integral. 

Lemma 2.7. A last change of coordinates leads to the following brackets: 

{Xi , Xj } — ^i-j XiXj -\- Ooo (^) i 3 1 ... 71 

{9,Xi} = [itXi, i = 1 . . .n. 

Proof. Let Uij = {xi 7 xj}, Jacobi's identity § g x . x .{9, {xi,Xj}} — is now just: 

(/Ji + fJ,j)uij = Xg(mj). 

First notice that uf ^ = XiXj is a particular solution of this equation, and that Ui.j 
being another solution, writing it as Uij = Wi.jXiXj, Wij has to be a first integral 

ofXg. 

Now, because of the dynamic of this vector field , the restriction ^.only 
depends on 9 so Wij = kij (9) + nj , where nj is flat on T (notice that if all the 
Hi 's have the same sign, then Tij is necessarily zero because it is a first integral of 
Xg). 

Writing the terms of order one in Jacobi's identity § . .{x\, {xi , Xj}} = 
with kij and kij independent of 9 implies that hj is independent of 9 too, so 
we only have to find a change of coordinates making independent of 9 for any 
i = 1 . . . n. This diffeomorphism can be defined by: 

{6, Xx, ...,X n )\ ► (6,X!,X2X2, ■ ■ -,XnX n ), 

where 

Xj(9) = e^" fo( kl -i( t )-ki,j)<M 
with kij = ^ / 27r kij(t)dt for any j = 2 . . . n. □ 
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Remark 2.8. In the smooth context, when n = 2, it is still possible to improve this 
result by eliminating flat terms, the proof is rather technical and specific to the 
case n = 2, it can be found in [Br]. 

Remark 2.9. In the case n = 1 the normal form reduces to 

cx _d_ d_ 
89 dx 

and we obtain, as a particular case, the form given in [R]. 

In the case n = 2 we can obtain a slightly better result: the (analytic and 
smooth) normal form is 

d . d d . d d 

n = A (Ml^l Q \~ 1^2X2^— )+ aX!X2T— A — 

oO ox i ox 2 ox i 0x2 

where a, and fa,fa> are real constants. 

3. Geometric significance of the parameters. 

In that section we will see that the parameters fa and faj, which appear in 
the above normal form, are invariants of the Poisson structure (by this we mean 
that two equivalent such Poisson structures must have normal forms with the same 
fa's and dij's) and give them a geometrical interpretation. The sum of the fa's 
gives the period c of the modular vector field along the singular curve, the n-tuple 
(/ii, . . . , Hn) caracterises, up to a multiplicative constant, the linear approximation 
of II along T, finally the fa's and a»,/s measure the (non Poisson) holonomy of the 
symplectic foliation when we move along this singular curve. 

• Period of the rotational and linear approximation along V 

The modular vector field (see [Wl]) -D^II of II with respect to the volume form 
uo = d6hdxi/\ - ■ -hdx n (coordinates of the normal form) has the following expression: 

d 

D W II=(^ fa + o 1 (x))—+o 2 (x). 

i—l...n 

As X^II is defined up to hamiltonian vector fields, its restriction to T depends only 
on II, but 27r/^ i=1 n fa appears to be the period of its flow on T. So, as we have 
remarked in the introduction, it is an invariant of the Poisson structure. 

We have seen that, at a purely linear level, the set {^1, . . . , /j, n } was defined up 
to a multiplicative constant. Because the linear part of the Poisson structure along 
the singular curve is (up isomorphism) an invariant this set, up to multiplication 
by a constant, is also an invariant. If we use the preceding result we obtain that the 
Hi themselves are invariants. We recall that, in the local study ([DZ]) the fa are 
only invariant up to multiplication by a constant. Also this local study shows that 
the fa (up to multiplication by a constant) measure the way the symplectic leaves 
behave on a transversal to the singular curve: the traces of these leaves on such 
a transversal give a figure diffeomorphic to the phase portrait of the linear vector 

neld Y,i=l...nl J 'i X i d l dx i- 

• The symplectic foliation 

Before showing how the involved in the symplectic foliation of II, let 

us show that they are Poisson invariants : consider two Poisson structures II and 
JJ' on a neighborhood of F, and $ a Poisson isomorphism from II to II' . Put II 
and II' under normal form, as the fa 's are Poisson invariants, we can suppose that 
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Hi = for any i = 1 . . . n. Then, writing down the equations for $ to be Poisson, 
we get, with evident notations, = l...n: 

V" „, n (»i»i_9*ii»i)±r" „., T . r ,(§*a.Mi.)- ll .$. (T). 

Z^fe=l fJ-kXk{ ae g Xk dxk a6 ) "I" 2^k,l=l a k,l x kXl{g Xk g Xi ) — Hi^i 

Differentiating equation with respect to 9, and evaluating it onto T, we obtain: 

f^(0,o,o) = WeS 1 . 

Differentiating it with respect to d evaluating it onto T, we get: 

But <&|r must exchange modular vector fields, so 0, 0) = 9 + constant and 

this equation becomes: 

??i(0,o,O) = o VffeS 1 . 

In conclusion, we can write <E> as: 

$o=^ + o 2 (x) 

$i = u l (9)x i + o 2 (x) Vi = l...n 
And in the terms of order two in the Xi's variables give the relation: 

d 

-ggifJ-j ln\ui \ +Ui In \ uj |) = Oij - a itj 

Here, the left side is the derivative of a function defined on S 1 , so its integral over 
S 1 is zero, and aij — a\ y 

Let us now describe the symplectic foliation of II, from on (in the smooth case), 
it will be supposed that no flat terms appear in the normal form, in other words, 
we suppose that 

II = 89 A ^ ^ fiiXidx^j + ^ aijXiXjdxi A dxj. 

i—l...n l<i<j<n 

We will only describe the symplectic foliation on the open set P + := {(6, x) E 
S 1 x W l /xi > 0, Vi = 1 . . . n}, however, the following reasonning allows to describe 
it entirely: indeed if, for any subset I C {1, ...,n} we denote Pi = {(6, x) E 
S 1 x M. n /xi = 0,Vz ^ /}, one easily sees that Pi is a Poisson submanifold of 
the presently studied type (that contains itself Poisson sumbmanifolds Pj with 
J C I), so we can apply what follows to Pf := {(9,x) E S 1 x R n /xi = 0,Vi £ 
/, £j > eZse}. Moreover, it will appear clearly that P + is one of the connected 
componant of the regular open set of II —all these component being isomorphic 
as the reflexions (6, x\, . . . , Xi, . . . , x n ) i — ► (6,x\, . . . ,—Xi, . . . ,x n ) are Poisson— 
and that the complement of this regular set is precisely composed by the Pi for 
Ic{l...n},I^{l...n}. 

To put the foliation induced by II on P + in evidence, one first apply the diffeo- 
morphism 

L: P+ i — > S 1 x R n 

(6,xi,...,x n ) i — ► (9,\nxi, . . . ,\nx n ), 

as 

{9, \nx l } = fj,i{]nxi,]iiXj} = a itj , 
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in the induced coordinates (that we shall denote by (9, x) = (9, x\, . . . , x n ) = 
(#,lnxi, . . . , lnx„)), the matrix (Hij) of the brackets has constant coefRcents: 



( o 

mi 



-Mi 



"Mn \ 



/ 



Denote n the vector (/xi, . . . , /i n ) and 2s the rank of the matrix (dij), the theorem 
of spectral decomposition for anti-autoadjoint operators assures the existence of 
a linear isomorphism <j> : W l i — ► R", whose matrix will be denoted (<f>i,j) that 
conjugates (dij) to a matrix of the following type 



-1 

1 



o 



o 



o 



-1 

1 

o 



o 
o 

... 



V 











Moreover, if (i belongs to a Im(a,ij), one can choose \x as an element of the basis 
for which (aij) takes that form, this incites us to distinguish two cases : 
1 st case : if fj, € Im(aij) 

Chosing (f> as described below, the diffeomorphism (8, x) i 
(Hij) to the following matrix: 





1 



{9, <j)(x)) conjugates 
\ 



o 



o 



V 











V o 



oj J 



Here, the null matrix, in the lower right corner is of order n — 2s. 

Denote (9, qi,pi, ■ . ■ , q s ,Ps, %2s+i, ■ ■ ■ > in) the coordinates induced by 4> o L, the 
foliation is then spanned by 89 + dqi, dpi,dq2, dp2, ■ ■ ■ dq s , dp s , so that this foliation 
is not parallel to S 1 x {0}, letting a holonomy phenomenon appear along T. The 
set of leaves can be parametrised by (qi, X2s+i, ■ ■ ■ > %n) S [0, 27r[xK." _2s . 

Moreover, if ^ 7 ( gil x 2s+ll ... 1 x n ) denotes the leaf through the point (0, qi, 0, . . . , 0, X2s+i, 
S 1 x R", then J 7 ( gi) £ 2s+1) . ..,£„) is parametrised by (t\, . . . ,t2 S )- 



-F(qi ,x 2a +i, -,x n ) ~ {(*1 ) ) *2 , *3 j ■ ■ ■ i ^2s, ^2a+l j • • ■ ! ^n) G xR n /ti . . . t 2s € 
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In the coordinates of the normal form, it appears that the leaf F^ Xl ^ ^ Xn y through 
the point (0, x\, . . . , x n ) admits the following parametrisation: 

F (xi ,..., Xn) ={(*i, (xieSi=i...>.^*i) i=1 ... n ) eP+/h...t 2s eR}, 

where (ipij) denotes the inverse matrix of (<f>i,j). 
2 nd case : if n £ Im(aij) 

We follow the same reasoning: L definit a chart on P + in which the matrix (Hi,j) 
can be conjugated by a linear isomorphism <j> to the following 

/ ... -1 ... \ 

' -1 
1 



O 



o 



( o 



V o ••• v o ... o / ) 

In the coordinates induced by 4>oL , that we shall denote by (0, qi,pi, ... , q s ,p s ,X2s+i, 
the foliation is spanned by 89, dq\,dp\,dq2, dp2, ■ ■ ■ , dq s , dp s , dx2 S +i, so it is paral- 
lel to S 1 x {0} and there is no holonomy in that case. 

Let us denote 3 7 ( X2s+2 ,..., Xn ) the leaf through the point (0, 0, ... , 0, X2 S +2, ■ ■ ■ , x n ) £ 
S 1 x R n , we get: 

^ I '(x2e+2,---,x n ) — t\, . . . , t 2s , X2s+1 = t2s+li %2s+2, ■ ■ ■ , Xn) € -P + /^0i ■ ■ ■ i t 2 s+l € 

In the coordinates of the normal form, denote f( a;i ....,a;„) the leaf through the point 
(0, xi, . . . , x n ), it admits a parametrisation: 

F {xi ,..., Xn) - {{to,{x i ^^-"+^ t ')i=i... n ) G P + /t a ...t 2s +i G R}, 
where (ipij) denotes the inverse matrix of {<pij). 
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